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Abstract. Given an asymptotically cylindrical special Lagrangian subman- 
ifold L in an asymptotically cylindrical Calabi-Yau 3-fold X, we determine 
conditions on a decay rate 7 which make the moduli space of (local) special 
Lagrangian deformations of L in jf a smooth manifold and show that it has 
dimension equal to the dimension of the image of _ff^^(L,R) in _ff'^(L,R) under 
the natural inclusion map, [x] 1— > [x]- 



1. Introduction 

McLean [12] proved that the moduh space of special Lagrangian deformations 
of a compact special Lagrangian submanifold L of a Calabi-Yau n-fold is a smooth 
manifold of dimension b^{L), the first Betti number of L. The goal of this paper 
is to prove the following result for an asymptotically cylindrical special Lagrangian 
submanifold of an asymptotically cylindrical Calabi-Yau 3-fold: 

Theorem 1.1. Assume that (X,uj,D,, g) is an asymptotically cylindrical Calabi- 
Yau 3-fold, asymptotic to M x x (i?, 00) with decay rate a < 0, where M is a 
compact, connected if 3 surface, and that L is an asymptotically cylindrical special 
Lagrangian S-submanifold in X asymptotic to N x {p} x (i?', 00) for R' > R with 
decay rate P for a < f3 < where N is a compact special Lagrangian 2- fold in M 
and p € S^. 

// 7 < is such that /3 < 7 and (0, 7^] contains no eigenvalues of the Laplacian 
on functions on N nor eigenvalues of the Laplacian on exact l-forms on N , then 
the moduli space M]^ of asymptotically cylindrical special Lagrangian submanifolds 
in X near L, and asymptotic to N x {p} x (i?', 00) with decay rate 7, is a smooth 
manifold of dimension dim V where V is the image of the natural inclusion map of 
HliL,R)^H\L,R). 

Remark. In [6] , a similar result is proven for asymptotically cylindrical coassocia- 
tive submanifolds with fixed boundary in an asymptotically cylindrical G2 manifold. 
The arguments presented in this paper parallel the arguments given therein. 

Examples of complete Calabi-Yau n-folds are constructed by Tian and Yau in 
[17|, I18j . In general, they construct complete Kahler metrics with a prescribed 
Ricci curvature on quasi-projective manifolds M, that is, M ~ M\D where M is 
a projective manifold and D a smooth, ample divisor in M . Then, under further 
assumptions that D is anticanonical and is ample, Kj^ the canonical line 

bundle of M, M admits a complete Ricci-flat Kahler metric. 

Examples of asymptotically cylindrical Calabi-Yau 3-folds are then constructed 
by Kovalev [7] . Therein Kovalev gives a construction of Riemannian metrics with 
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holonomy G2 on compact 7-manifolds by first constructing asymptotically cylin- 
drical Calabi-Yau 3-folds. The construction of these asymptotically cylindrical 
Calabi-Yau 3-folds essentially involves taking a compact, simply-connected Kahler 
manifold W and a compact complex surface D, where D, a K3 surface in W, is 
an anticanonical divisor with trivial self-intersection class D ■ D = in the second 
integral homology class H2{W, Z) of then writing the asymptotically cylindrical 
Calabi-Yau 3-fold a,s W — W \ D. Kovalev then obtains compact G2-manifolds by 
crossing two such Calabi-Yau 3-folds with two copies of to obtain two asymptot- 
ically cylindrical G2-manifolds which arc then glued together via connected sums. 

Further, because of this construction, asymptotically cylindrical Calabi-Yau 3- 
folds are of interest to physicists studying mirror symmetry. In particular, under- 
standing the deformations of asymptotically cylindrical special Lagrangian subman- 
ifolds with a small decay rate inside these manifolds is a necessary part of being 
able to construct consistent topological quantum field theories. 

We will rely heavily on the theory developed by Lockhart and McOwen [8l [9] 
of weighted Sobolev spaces and elliptic operators on noncompact manifolds to de- 
termine the conditions on the decay rate 7 and will be used frequently to prove 
smoothness of forms. It will also allow us to determine that certain asymptotically 
cylindrical partial differential operators are Fredholm, allowing us to ultimately use 
the Implicit Function Theorem for Banach Manifolds to prove our result. 

The current paper is divided into three main sections: 1) Calabi-Yau and Spe- 
cial Lagrangian Geometry; 2) Analysis on Asymptotically Cylindrical Special La- 
grangian 3-Manifolds; 3) Proof of Theorem ll.il Notably, the first section includes 
the defintions of cylindrical and asymptotically cylindrical Calabi-Yau 3-folds, and 
cylindrical and asymptotically cylindrical special Lagrangian 3-submanifolds, and 
the second section gives the material on weighted Sobolev spaces and elliptic oper- 
ators on asymptotically cylindrical special Lagrangian 3-manifolds. 

2. Calabi-Yau and Special Lagrangian Geometry 

We begin with the definitions of a Calabi-Yau n-fold and special Lagrangian 
n-submanifold, then present a sketch of the deformation theory of compact special 
Lagrangian submanifolds of Calabi-Yau n- folds; finally, we give the definitions of 
cylindrical and asymptotically cylindrical Calabi-Yau 3-folds and cylindrical and 
asymptotically cylindrical special Lagrangian 3-submanifolds. References for this 
section include: Harvey and Lawson, ^4^; Joyce, [5l; McLean, [12]; and Kovalev, [7]. 

2.1. Calabi-Yau n-folds and Special Lagrangian n-submanifolds. 

Definition 2.1. A complex n-dimensional Calabi-Yau manifold {X,uj,n, g) is a 
Kahler manifold with zero first Chern class, that is ci{X) = 0. In this case, 
{X,uj,fl,g) is also called a Calabi-Yau n-fold. 

Remark. The main point of the Kahler condition for our purposes is that uj is 
closed. Also, as the complex structure plays virtually no role, we omit it from our 
notation. 

The condition that Ci{X) = is equivalent to the canonical bundle of X being 
trivial which is true if and only if X admits a nonvanishing holomorphic (n, 0)-form 
il. This last condition actually reduces the holonomy group of g to SU{n) (or 
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more generally to a subgroup of SU{n)) and is equivalent to having a nonvanish- 
ing complex {n, 0)-form f2 such that VSl — 0. We now define special Lagrangian 
submanifolds of a Calabi-Yau manifold using these structures: 

Definition 2.2. A real n-dimensional submanifold L <Z X is special Lagrangian if 
L is Lagrangian (i.e. a;|i = 0) and liaQ restricted to L is zero. In this case, we 
will also call L a special Lagrangian n- submanifold. 

Remark. Re f2 restricts to be the volume form with respect to the induced metric 
on special Lagrangian submanifolds, so that the special Lagrangian submanifolds 
X of a Calabi-Yau manifold X are exactly the calibrated submanifolds of X with 
respect to the calibration form Refi (see IH Section 3.1] for more information 
regarding this point). 

2.2. Deformations of Compact Special Lagrangian n-folds. We now sketch 
a proof of McLean's result on the moduli space of special Lagrangian deformations 
in the case of compact special Lagrangian submanifolds of a Calabi-Yau n-fold. 

Theorem 2.3. The moduli space of deformations of a smooth, compact, orientable 
special Lagrangian submanifold L in a Calabi- Yau manifold X within the class 
of special Lagrangian submanifolds is a smooth manifold of dimension equal to 
dim{H^{L)). 

Sketch of proof. Define the deformation map F : vl -> k^T*{L) © k'^T*{L) from 
the space of smooth sections of the normal bundle on L to the spaces of differential 
2-forms and differential n-forms on L as follows: 

F{V) = ((exp^,)*(-co),(exp^,)*(Imr!)). 

Note that F is just the restrictions of —uj and Imfi to Ly which are then pulled 
back to L via (expy)* where expy is the exponential map giving a diffeomorphism 
of L onto its image Ly in a neighborhood of 0. 

Recall that the normal bundle of a special Lagrangian submanifold is iso- 
morphic to the cotangent bundle T*{L). Thus there is a natural identification of 
normal vector fields to L with differential 1-forms on L; moreover, since L is com- 
pact, these normal vector fields can be identified with nearby submanifolds, so that, 
under these identifications, the kernel of F corresponds to the special Lagrangian 
deformations. 

The linearization of F at 

dF(0) : i^L h.^T*{L) ® A"T*{L) 

is given by 

d^^(0)(T/) ^-FitV)\t^o = ^(exp,V(-c.),exp,V(Imr!))|t.o 

= (-/:yw|i,£y(Iml7)|i). 

Using the Cartan Formula for the Lie derivative Cy , we find 

dF{0){V) = {-{ivduj + d{ivuj))\L, {ivd{lmn) + d{iv{lmn)))\L) 

= i~diivio)\L,d{ivilmn))\L) = idv,d^v), 

where iy represents the interior derivative and v is the dual 1-form to the vector 
field V with respect to the induced metric. Hence we have 

dF{0){V) = idv,d*v) = {dv,*d*v). 
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The next step is to show that dF{0){V) — {dv,d * v) ~ {dv, *d*v) is onto when 
considered as a map from i^l to exact 2-forms and exact rt-forms. McLean shows 
this by first proving that -F is a map from i/^ to exact 2-forms and exact n-forms 
as follows: 

Note that the image of F lies in closed 2-forms and closed n-forms since F is 
the puUback of the closed forms oj and Imil. Now, by replacing V with tV, we see 
that exp : L —f X is homotopic to the inclusion i : L — > X, so that expy and i* 
induce the same map on the level of cohomology. Since L is special Lagrangian, we 
get [expl^iuj)] = [i*iuj)] = [uj\l] = and [exp^ (Im ^1)] = [i*{lmn)] = [Iml7|L] = 0, 
so the forms in the image of F are cohomologous to zero, that is, they are exact 
forms. 

One can now easily show that, given any exact 2-form a and exact n-form 6, there 
exists a 1-form v satisfying the equations dv = a and d*v = b; hence, dF(0)(V^) is 
surjective as claimed. Finally, after completing the spaces of differential forms with 
appropriate norms, we can use the Implicit Function Theorem for Banach spaces 
and an elliptic regularity result to conclude that F^^{0,0) is a smooth manifold 
with tangent space at isomorphic to H^{L). □ 

2.3. Asymptotically Cylindrical Calabi-Yau 3-folds and Asymptotically 
Cylindrical Special Lagrangian 3-sub manifolds. We now define cylindrical 
and asymptotically cylindrical Calabi-Yau manifolds. See [7] for more information 
on the definitions in this section. 

Definition 2.4. A Calabi-Yau 3-fold (Xq, wq, f^o, ffo) is called cylindrical if Xq — 
M X 5^ X M where M is a connected, compact if 3 surface with Kahler form k/ and 
holomorphic (2, 0)-form kj + iKK, and (wq, flo, go) is compatible with the product 
structure M x x R, that is, luq — ki + d9 A di, ^Iq = {kj + inx) A {d9 + idt) and 
go = g{MxS^) + dt^- 

Remark. The indices on the 2-forms kj, kj and kk on M are meant to reflect the 
hyperkahler structure of M . (This is consistent with the notation in [7].) 

Definition 2.5. A connected, complete Calabi-Yau 3-fold (A, il, is called 
asymptotically cylindrical with decay rate a if there exists a cylindrical Calabi- 
Yau 3-fold (Ao, Wo, iloi 5o) as in Defimtion 12.41 a compact subset A C A, a real 
number i? > 0, and a diffeomorphism : M x x (i?, oo) — > A \ A such that 
^*{uj) = tJo + dCi for some 1-form with | 1 = 0(e"*) and = f^o + d^ 

for some complex 2-form ^2 with \V^i2\ = 0(e"*) on M x xM. for all fc ^ 0, 
where V is the Levi-Civita connection of the cylindrical metric go — .9(mxS1) + dt^ ■ 

Notice in this definition that we assume A and M are connected, so that A only 
has one end; since we are working with Ricci-flat manifolds, this is not a restrictive 
assumption by a result obtained by the first author in |14j . 

We now define cylindrical and asymptotically cylindrical special Lagrangian sub- 
manifolds similarly. 

Definition 2.6. Let (Ao, wo, f^Oi 5o) be a cylindrical Calabi-Yau 3-fold as in Def- 
inition 12.41 A 3-dimcnsional submanifold Lq of Ao is called cylindrical special 
Lagrangian if Lq ~ N x {p} x R for some compact special Lagrangian submanifold 
N in M, a point p in and the restrictions of luq and Imfio to Lq are zero, that is, 
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woUo = (hi +d9 Adt)\Lo ^ and Im(r2o)|Lo = Im((Kj A {de + idt))\Lo = 0. 



Definition 2.7. Let (Xq, cjq, rio, ffo) , M x xR, {X,uj,n,g), K,R,^ and a be 
as in Definitions 12.41 and 12.51 and let Lq = N x {p} x R be a cylindrical special 
Lagrangian 3-fold in Xq as in Definition 12.61 

A connected, complete special Lagrangian 3-fold L in {X, u!, il, g) is called asymp- 
totically cylindrical with decay rate (3 for a < /? < if there exists a compact subset 
K' C L, a normal vector field w on TV x {p} x (i?',oo) for some R' > R, and a 



diffeomorphism $ 
commutes: 



TV X {p} X {R', oo) L\K' such that the following diagram 



M X S'l X (i?',oo) 



cxp^ 



N X {p}x {R', oo) 



M X X {R, oo) 

and I V'^wl = 0(e'3*) on TV x {p} x (i?', oo) for all fc > 0. 



{L\K') 



(1) 



Notice that here again, we require L to be connected; however, unlike the case 
of the ambient manifold, it may be that N is not connected, so that L may have 
multiple ends. This will not present a problem in the analysis since we are assuming 
the ends have the same decay rate. 



3. Analysis on Asymptotically Cylindrical Special Lagrangian 

3-Manifolds 

Lockhart and McOwen [8l [9| setup a general framework for elliptic operators 
on noncompact manifolds where the basic tools are weighted Sobolev spaces. Us- 
ing these spaces and the notion of asymptotically cylindrical linear elliptic partial 
differential operators, they get weighted Sobolev embedding theorems and recover 
elliptic regularity and Fredholm results. 

Remark. For an alternate approach to these types of results on noncompact man- 
ifolds, see Melrose pTHfTT] . 

We will begin with this theory in the specific case of asymptotically cylindri- 
cal special Lagrangian 3-manifolds then study the asymptotically cylindrical linear 
elliptic partial differential operator (d -I- *d*)2^; ^ in this setting. 

3.1. Weighted Sobolev Spaces and Elliptic Operators. Let L be an asymp- 
totically cylindrical special Lagrangian 3-manifold with data as in Definition 12.71 

Definition 3.1. Let A be a vector bundle on L with smooth metrics h on the 
fibers and a connection V^i on A compatible with h; let Aq be a vector bundle on 
N x {p} X M that is invariant under translations in R, that is a cylindrical vector 
bundle, with metrics ho on the fibers and V^^ a connection on compatible with 
ho where ho and Vaq are also invariant under translations in R. 

A, h and Va are said to be asymptotically cylindrical, asymptotic to and 
Vao respectively, ff ^*{A) ^ Aq on N x {p} x (i?', oo) with |$*(/i) - ho\ = 0(e'3*) 
and |$*(Va) - VaoI = 0(6^^*) as i -> oo. 
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Recall that for fc > 0, 

L^{A) = |s e r(j4) : s is fctimes weakly differentiable and \\s\\li < oo| 
where r{A) is the space of all sections of A, 




i/p 



dvolj 



and dvolL is the volume element of L, and 

LlUA) = {s e r(A) : cj>s e LliA) for all G Co-(i)}, 

where C^{L) is the set of all compactly-supported smooth functions on L. 

Definition 3.2. Choose a smooth function p : L M. such that $*(p) = t on 
X {p] X {R',oo). By Definition 12.71 this condition prescribes p on L \ K' , so 
it is only necessary to smoothly extend p over K'. For p > 1, A: > and 7 S R, 
the weighted Sobolev space ^{A) is then the set of sections s of A such that 
s e L^^^{A), s is k times weakly differentiable and 




i/p 



-IP 



dvolr 



< 00. 



In particular, L|^(A) is a Banach space; further, note that different choices of p 
give the same space ^ (A) with equivalent norms since p is uniquely determined 
outside of K. 

Define the Banach space (A) of continuous sections s of ^ with k continuous 
derivatives such that e~'''''| V^s| is bounded for each j = 0, 1, . . . , fc where the norm 
is given by 

k 



sup e 

L 



In general, from [2^, Theoreml.2], [8] Theorem 3.10] and [9| Lemma 7.2] there is 
the following Weighted Sobolev Embedding Theorem (adapted to our case): 

Tiieorem 3.3 (Weighted Sobolev Embedding Theorem). Suppose that k,l are in- 
tegers with k > I > and that p, q, 7, 7 are real numbers with p,q > 1. Then 

(1) // > - ~ - and 7 > 7 there is a continuous embedding of j{A) ^ 

(2) If^>^and-i>^ there is a continuous embedding of j{A) ^ Cj{A); 

Now suppose that A, B are two asymptotically cylindrical vector bundles on L 
which are asymptotic to the cylindrical vector bundles Aq, Bq on N x {p} x R. Let 
Fq : C°°{Ao) C°°{Bo) be a cylindrical linear partial differential operator of order 
k, that is, a linear partial differential operator which is invariant under translations 
in R, from smooth sections C°°(Ao) of ^0 to smooth sections C°°{Bq) of Bq. Let 
F : C°°(A) C°°{B) be a linear partial differential operator of order k on L. 
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Definition 3.4. F is said to be an asymptotically cylindrical operator, asymptotic 
to Fq, if, under the identifications ^*{A) = Aq, <f>*(i?) = Bq on N x {p} x R, 
\<P*{F) - Fq\ = 0(e^*) as t -> oo. 

From these definitions F extends to a bounded Hnear operator 

for all p > 1, / > and 7 £ M. We then have the following elliptic regularity result 
[i Theorem 3.7.2]: 

Theorem 3.5. Let F and Fg be as above. If 1 < p < 00, I £ Z and 7 £ M, then 
for all s £ Ll^ij^M)' 

\\shu,^^<C{\\Fsh.^^ + \\sh.J 
for some C independent of s. 

Definition 3.6. Assume now that F, Fq are also elliptic on L and N x {p} x R 
respectively. Extend Fq to Fq : C°°(Ao (8)r C) C°°{Bq (8)r C), and define Vp^ 
as the set of 7 £ R such that for some 5 £ R there exists a nonzero section 
s £ C°°{Aq ®k C), invariant under translations in R, such that Fo(e^'''+**^*s) — 0. 

The conditions for F^j^^ ^ to be Fredholm are now given by [9, Theorem 1.1]. 

Theorem 3.7. Using the setup of this section, is a discrete subset o/R, and 
for p > 1, Z > and 7 £ R, -FfY; ^ : 'y(^) ~^ -yi-^) Fredholm if and only 

This theorem and Theorem 13.51 imply that ker(_F'^^j^) is a finite-dimensional 
vector space of smooth sections of A whenever 7 ^ T^Fm from the Weighted 
Sobolev Embedding Theorem and the fact that ker(_F'^^; ^) is invariant under small 
changes in 7 one can show: 

Lemma 3.8. If ^ ^ T^Fo' then the kernel ker(_F'^^;^) is the same for any choices 
of p > 1 and I > and is a finite- dimensional vector space consisting of smooth 
sections of A. 

Let F* : C°°{B) C°°{A) be the formal adjoint of F; that is, F* is the 
asymptotically cylindrical linear elliptic partial differential operator of order k on 
L such that 

{Fs,s)l2(^b) {s,F*s)l2(^a) 
for aU compactly-supported s £ C°°{A), s £ C°°{B). 

Then for p > 1, ; > and 7 ^ Vp,, iF*)\_^ : L\_^iB) ^ 
is the dual operator of Fj^_^i ^ where q > 1 satisfies ^ + ^ = 1, -^1; -^{B) and 
L'^_i^_i ^j{A) are isomorphic as Banach spaces to the dual spaces {Lf ^{B))* and 
-y(^))* respectively and these isomorphisms identify (F*)^; _^ with ^)*. 
Further, since Theorem l3.5l also holds for negative differentiability, ker((F*)^; = 
ker((F*)^_(^^ for all m £ Z. This allows us to identify coker(F|Yi -y) with 
ker((F*)^_^^ _^)* for 7 ^ Vpg, p,q> 1 with ^ + ^ = 1 and l,m>Q; moreover, the 
index of ^ is then given by 

ind(f^r+;,^) = dimkcr(F^^,^) - dimkcr((F*)^,^,„ _^). (2) 
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3.2. d + *d*. Let L be an asymptotically cylindrical special Lagrangian 3-manifold 
with data as in Definition \2.1\ and consider the asymptotically cylindrical linear 
elliptic operator 

d + *d* : C°°{T*L) C°°{K^T*L) © C°°{K^T*L), 
with formal adjoint given by 

d* + d* : C°°{K^T*L) © C°°(A3t*L) ^ C°°{T*L). 

We study the extension 

(d + *d*)^+,^ : Ll^i^^{T*L) ^ Ll^^ .^{K^T*L) © Ll^.^^iM'T* L) (3) 

for p > 1, ? > and 7 e M. Suppose further that L has no compact, connected 
components, so that H^{L,M.) = H^g{L,M.) = 0; then TV is a compact, oriented 2- 
manifold, and L is the interior of a compact, oriented 3-manifold L with boundary 
dL^N. 

From this we have the following long exact sequence in cohomology: 
^ ^ H°{N) ^ Hl{L) ^ H^L) ^H^N) 

i 

where H''{L) = H''{L,R) and H''{N) H''{N,R) are the de Rham cohomology 
groups, H^g{L, M) are compactly-supported de Rham cohomology groups and h^{L), 
h^{N) and b^g{L) the corresponding Betti numbers. If C H^{L,M.) denotes the 
image of the natural map H^g{L,M.) H^{L,M.), [x] [x], then, from the long 
exact sequence, dim{V) = bl^{L) - b°{N) + b°{L) = b^{L) - b°{N) + b"{L). 

We now summarize a number of results from the previous subsection applied 
specifically to (d -I- *d*)2_^; ^ as well as identify the kernel and cokernel of this 
operator for small 7 < 0. 

Theorem 3.9. Suppose max{I>((j_|_,(j.)^ n (—00, 0)} < j < 0, p,q > I with ^ + | = 
1 and 1,111 > 0. Then the operator (d + *d*)2^j^ is Fredholm with coker((d -I- 
*d*)2+z,7) - (ker((d* + d*)^+„ _^))*. The fcerne/ker((d -f *d*)f_^; ,^) is a vector 
space of smooth, harmonic 1-forms, and the map ker((d -t- *d*)2_|_; ^) — ^ H^{L,M.), 
X [x\j induces an isomorphism 0/ ker((d + *d*)2^; ^) with the image, V, of 
the natural inclusion map H^g{L,M.) ^ iJ^(i,R); hence, dimker{{d-|- *d*)2_|_; ^) — 
dimV. Finally, the fcerneZ ker((d* -|-d*)2+„j is a vector space of smooth coclosed 
2-forms and smooth harmonic 3-forms. 

Proof Since 7 ^ Z^(d+*d')o, (d-l-*d*)^^; ^ is Fredholm with coker((d-|- *d*)f_|_; ^) = 
ker{{d* -I- d*)'^^ -7)* from Lemma [3.71 and the remarks following Lemma [3.81 

For rj G ker((d + *d*)f+; ,^), (0,0) = (d -I- *d*)r/ = (d?7, *d*77). Since = *d*77 if 
and only if = d*r], 77 is harmonic, and smoothness follows from Theorem 13.51 

Let denote the space of 1-forms in ker(d -I- d*)f_|^2 7 where (d -I- d*)2^j^ : 
®k=oLl+i{^''T*L) ®l^^Ll^i{K^T*L). Then by [i Proposition 3.9], the map 
Ti^ ^ (L, R) is injective with image that of the natural inclusion map H^g (L, M) — 
_ff^(L,R), which is V in the notation above. Since ker((d -I- *d*)f^_2..y) — Ti , we 
have the desired isomorphism. 

Finally, let (?y2, f?3) & ker((d* -|-d*)2+m._^), so that d*772 -l-d*773 ~ 0. Taking d* of 
this equation yields d*d*r73 = 0. Further, since *r]3 is a function on L, dd* *r]3 — 
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which imphes that =1=773 G ker((dd* + d*d)l_^_„^ _^) = ker((d + d*)^+,„__^). Now, 
because = d * 773 we see that = d*772 + d * 773 — d*ri2, so 772 is a coclosed 2-form. 
Also, applying — * to both sides of = d* 773, we get = d*7;3; thus, 7^3 is a coclosed 
3-form. Last, we notice that = d*(*773) = *d773 from which it follows that 7^3 is 
closed. Smoothness, in both cases, follows from elliptic regularity, Theorem l3.5l □ 

Theorem 3.10. Letp > 1, I >Q and"/ £ R. Then the operator ^ is not Fredholm 
if and only if any of the following conditions hold: 



(2) 7^ is a positive eigenvalue of A — d*d on functions on N, or 

(3) is a positive eigenvalue of A — d*d + dd* — dd* 077 exact 1- forms on N. 

Proof. Throughout this proof let d^, *l operate on L and d*, * operate on N. A 
smooth section of (T* {N x {p} x R) ®r C) which is invariant under translations in R 
can be written uniquely as 7; + fdt where 77 G C°°{T*N (S)r C), the smooth sections 
of T*N (g)R C, and / : iV -> C is smooth. Then by Theorem EJI (d + ^id^)^^, is 
not Fredholm if and only if there exist /, 77 with /, 77 not both zero and 5 G R such 



that (d + *Ld2)(e('^+*'5)*(77 + /dt)) = (0,0). Note that = *Ld* (e('^+**)*(77 + /dt)) 
if and only if = d2(e(''+*'^)*(77 + fdt)). Thus: 

EE d(e('^+*'^)*(77 + fdt)) = e('^+**)*h(7 + iS)rj Adt + dfA dt], 



= di(e(^+*'5)*(77 + fdt)) = -*Ld*L (e(^+'*)*(7/ + fdt)) 
= -*L d[e(^+''^)*(*77 Adt + fdvolN)] 
= -*L [(7 + i(5)e(^+*'^')*dt A fdvolN + eP+'^'f^di*!] A dt)] 
= -eP+'^^^[{j + i6)f + *d * ri] 
= -eP+'^'^'[{-/ + iS)f -d*ri]. 



This yields the following equations in 0- and 1-forms on N respectively: 



From here, we immediately see that if 7 = then (5 = 0, 7/ = and / = 1 yields 
a solution to the above system of equations, in which case (d + *Ld2)2+; ^'^^ 
Fredholm. Assume now that 7 + i(5 7^ 0. Since N is compact, Hodge theory yields 
77 = (7/0,771,772) where 770 is a harmonic 1-form on N, 771 is an exact 1-form on N 
and 772 is a coexact 1-form on N. Splitting the above system up by harmonic, exact 
and coexact 1-forms on N yields the following system of equations: 



Because we are assuming that 7 + 7(5 ^ 0, 770, 772 = which reduces the system 



(1) 7 = 0, 



and 



(7 + iS)f - d*7/ = 0, 
d/ - (7 + i5)ri EE 0. 



(7 + 7(5)770 = 0, 
d/ - (7 + ^<5)7,l - 0, 

(7 + 7(5)772 = 0, 

(7 + 7,5)/-d*77i =0. 



to: 



df = (7 + 7(5)771, 
(7 + 7(5)/ = d*77i. 



(4) 
(5) 
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Notice that / = if and only if rji = 0. Since / and 77 cannot simultaneously be 
zero, neither can be zero. 

Taking d* of (g]), then substituting © yields: 

d*d/ = (7 + «<^)d*77i = (7 + *<J) V, 
so that (7 + iS)'^ is an eigenvalue of d*d on functions on N. Since such eigenvalues 
must be positive, this shows that 6 — 0, and so 7^ is an eigenvalue of d*d on 
functions on N. Conversely, assume A/ ~ d*df — 7^/ for some nonzero 7 e M 
and some smooth nonzero f : N —>■ C; then r/ = 7^^d/ is a smooth nonzero 1-form 
on N which satisfies the above equations. 
Now, take d of (0 and substitute ^ to get: 

dd*?7i = (7 + iS)df = (7 + iS)'^r]i. 

Because 771 is an exact 1-form on N, (dd* + d*d)'i]i = (7 + iS)'^r]i which shows that 
(7 + 1(5)^ is an eigenvalue of dd* -|-d*d = dd* on exact 1-forms on N, and so (5 = by 
the same reasoning as above. Hence 7^ is an eigenvalue of dd* on exact 1-forms on 
N . Conversely, assume that dd*?; = 7^77 for some nonzero 7 g R and some smooth 
nonzero exact 1-form 77 on N; then / = 7^^d*?/ is a smooth nonzero function on TV 
which satisfies (U) and ([5]). □ 

4. Proof of Theorem 11.11 

Let {X, gxTi^,^) be an asymptotically cylindrical Calabi-Yau 3-fold with decay 
rate a < 0, asymptotic to the cylindrical Calabi-Yau 3-fold {Xq, gxg, 1^0,^0), X — 
M X X M. where M is a compact, connected K3 surface as in Definition 12.41 
Let K d X he a, compact subset, R > and : M x x {R, 00) X \ K a, 
diffeomorphism with the following properties: 

(1) ^'*(wxo) =oJ + dCi, for some Ci, a 1-form on X with iV'^Cil = 0(e"*) for 
all A: > 0; 

(2) '^*{nx„) ~ + dC2, for some C2, a complex 2-form on X with |V''C2| = 
0(e"*) for all A: > 0. 

Let L be an asymptotically cylindrical special Lagrangian 3-submanifold of X 
with decay rate /3 (a < < 0), asymptotic to the cylindrical special Lagrangian 
3-submanifold Lq = N x {p} x R of X^, where is a compact special Lagrangian 
2-submanifold of M and p e S*^ as in Definition 12.71 Let K' C L he a compact 
subset, R' > R, V a normal vector field on N x {p} x (R' , 00) with | V'^u| = 0(e'^*) 
for all fc > and ^ : N x {p} x (i?', 00) L\K' a diffeomorphism making Diagram 
([1]) commute. 

Let 7 < be strictly less than (3 and be such that (0, 7^] contains neither 
eigenvalues of the Laplacian A^r = d*d on complex- valued functions on iV nor 
eigenvalues of the Laplacian A^r = dd* on exact 1-forms of N. Let p > 3, ^ > 1 
and the map 

(d + *d*)^+,^ : i^+,,(r*L) ^ L?+,^(A2r*L) ® L?+,^(A3r*L) 

be as in Equation ([3]). By Theorem 13. 10[ the conditions on 7 imply this operator 
is Fredholm, so the results of Theorem 13.91 are applicable. 

We begin by constructing an identification of small sections of the normal bundle 
of L with X near L that is compatible with the data on these manifolds. Let un he 
the normal bundle of TV in M with exponential map exp^ : i^n M; let e > such 
that exp^ : B2e{i'N) — > is a diffeomorphism of the subbundle i?2e(^'Af) whose 
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fiber above each point is the baU of radius 2e about 0, with a tubular neighborhood 
Tn of N in M. Then B2t{yN) x {p} x M is a subbundle of the normal bundle 
i^N X {p} X R, Tat x {p} x M is a tubular neighborhood (both of iV x {p} x R 
in M X X M) and expj^ xl x id : B2e{vN) x {p} x K ^ Tjv x {p} x K is a 
diffeomorphism, where l is the natural inclusion map and id the identity map on R. 
Notice that v from above is a section of vn x {p} x {R', oo), so since v is decaying, 
we can assume that the graph of v lies in B2i{vN) x {p} x (i?', oo) (making K' , R' 
larger if necessary) . 

Let TT : B^{vm) x {p} x (i?', oo) Nx{p} x {R', oo) be the natural projection map, 
and define the map S : B^{visi) x {p} x (i?', oo) X\K hy S(w) = ^'[(expjY xl x 
i(i)(w|Tr(to) +w)]. First notice that since S is a composition of diffeomorphisms (onto 
their images), S is also a diffeomorphism (onto its image). Second, thinking of 
TV X {p} X [R' , oo) as the zero section of B^{vm) x {p} x {R', oo), S|jvx{p}x(i?',oo) — 
^' o (expjY XL X «(i)|jvx{p}x(i?',oo) = ^' o cxp,„ = $ where the last two equalities 
follow from Definition 12.71 and the commutativity of Diagram Third, dS : 

T{B^{vn) X {p} X (i?', oo)) ^ S*(T(X \ K)) = ^*{T{X \ K)) is an isomorphism. 

Since <^ : N x {p] x {R' , oo) ^ L \ K' is a. diffeomorphism, d<i> : T{N x {p} x 
(i?', ))) T{L \ K') is an isomorphism. In fact, by the above discussion, d$ ~ 
dSUx{p}x(it',oo) : T(B,(z/jv)x{p}x(i?',oo))|^x{p}x(j^,_^) ^ ^*{T{L\K')). Thus, 
define I = dS|^x{p}x(i?',oo), so that 

T{B^{vn) X {p} X {R',Oo))\mx{p}x(R',oo) 



^■..,x{p}x{R',oo)^ T(A.xMx(i?',oo)) 
^ $*(T(X \ K))I'^*{T{L \ K')) = <P*{T{X \ K)/T{L \ K')) = $*(i^L), 



(6) 



where is the normal bundle of L; ^ is an isomorphism of the vector bundles 
i^N X {p} X (i?',oo) and ^*{i/l) by construction. 

Finally, let 8 : Be'{vL) Tl denote an identification of B^'{vl) (for some 
small e' > 0) with T^, a tubular neighborhood of i in X, satisfying the following 
properties: first, thinking of L as the zero section of B^:{vl), 6|l — id^; also, 
e' should be small enough so that £,*{^*{Be>{vL))) C i3c(j^Ar) x {p} x (i?',oo) C 
J^N X {p} X {R',oo) and 6 o ^ = S on ^*{^*{B^'{i'l))). Notice that the first 
condition implies that de^ = idrL ■ TL C T{B^,{vl))\l TL C T{Tl)\l; the 
last condition uniquely defines Q and Tj^ on B^i ii'L)\L\K' j so one need only smoothly 
extend 8 and to the compact subset K' of L. 

To summarize this construction, we have used the maps S and ^ to define 8, giv- 
ing an identification of small sections of the normal bundle vl of L with the ambient 
manifold X near L, in such a way that is compatible with the diffeomorphisms <i> and 
^. This allows us to identify small sections of vl with 3-submanifolds of X near L 
and detect the asymptotic convergence of such a submanifold to iV x {p} x {R', oo) by 
the asymptotic convergence of small sections of fL to zero. Further, since i^l = TL 
on the special Lagrangian submanifold L, we will regard 8 : B^i{T*L) T^. 

This has the advantage that now smooth sections r] of the space ij+i -yi-^i^' {T*L)) 
(note that this is an open Banach subspace of the Banach manifold ^2+/ jiT*L), 
so it is itself a Banach manifold) now correspond to smooth 3-submanifolds of X 
near L, and since 77 is by definition a map -q : L ^ ^2+/ -ji-^i^'iT* L)), Q o rj : L ~> 
Tl- Hence we define our deformation map as F : L^^i ^{Bt'{T* Lj) — > A'^T*L 
A^T*L, F{ri) = [(eo77)*(-Lj), (eo77)*(Imr2)]. Letting F^ denote the graph of 77 in 
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L2+1 -yiBe'iT* L)) and L = Q{Tn) its image in X, L is special Lagrangian precisely 
when uj\i = and Iniill^^ = 0, but this is equivalent to F{ri) = (0,0). Thus, 
i^~^(0,0) parameterizes the special Lagrangian 3-submanifolds L near L. 

This completes our setup. Our first step now will be to prove that F ex- 
tends to the smooth map of Banach manifolds F — F^^^ ^ : L^j^^ ^{B^i{T* L)) 
^i+i ^{^^T*L) © L\_^i ^{K^T*L). We study this extension because its hnearization 
at is given by the operator dF^.^,; ^(0) = (d-l- *d*)2_|_; ^ from above; moreover, we 
will show that F actually maps into the image of (d + *d*)2+/ ^. The point is to 
ultimately use these results to invoke the Implicit Mapping Theorem for Banach 
Manifolds (see, e. g., Theorem 1.2.5]). 

Proposition 4.1. F : Ll^i^^{B,,{T*L)) ^ L'{^i^^{K'T*L) ® Ll^i^^{K^T*L) is a 
smooth map 0/ Banach manifolds with linearization at given by i] {drj, *d*77). 

Proof. Begin by noting that our assumptions p > 3 and I > 1 yield, by the Weighted 
Sobolev Embedding Theorem 13. 3i the continuous inclusion ^ ^ C}^, so that 
locally F{ri) G L^^^. Now F{r]) is simply the restriction of Q*{—uj), a 2-form on 
B^,{T*L), andof e*(Imf]), a3-formonB,/(r*L), toT^. From the properties of 9, 
this means that ^(77) is equal to S*(— w) and S*(Imri) on B^i{i'f^) x {p} x (i?', 00); 
further, the asymptotic properties of $ and v we built into S imply that S* (— cj) 
is the sum of a translation-invariant 2-form on B^/{i/ff) x {p} x {R\ 00), the puUback 
of the negative of the cylindrical Kahler 2-form on M x S'^ x R to B^i [vm] x {p} x 
(i?', 00) and an error term which decays at a rate of 0{e^*); similarly, S*(Imf2) is 
the sum of a translation-invariant 3-form on Bei{vN) x {p} x (i?', 00), the puUback 
of the 3-form Imfi on M x S'-^ x R to B^iiuN) x {p} x {R' , 00) and an error term 
which decays at a rate of 0{e^*). 

Hence because /? < 7, ^(77) e Ll^i^^{K^T*L)®Ll^i^^{K^T*L). Smoothness of F 
follows by construction, so the first claim follows. That the linearization of F at 
is (d + *d*)2_|^; ^ follows exactly as in Theorem 12 . 31 since the calculation is local. □ 

Lemma 4.2. The image of F lies in exact 2-forms and exact 3-forms; specifically, 
F{Ll^,^^{BAT*L))) C d(L?+,^(r*F)) ©d(L?^,^(A2T*L)) 
ClLl^{K^T*L)®Ll^{k'T*L). 

Proof. Recall that oj and Imfi are closed forms, so they determine the de Rham 
cohomology classes [uj] and [ImfJ]. In particular, oj\l = Q and ImO]/, = since L is 
special Lagrangian, so [uo\l] — and [Imr2|i] = 0; moreover, since Tj^, the tubular 
neighborhood of L from above, retracts onto L, [ccIt^j^] = and [ImillT-j^] = 

[Imfili]. Thus, there exists n £ C°°{T*Tl) such that uj\t^ = dri and T2 S 
C°° {A'^T*Tl) such that ImfilTf, — dr2. Now, since uj\l = 0, we can assume that 
ti\l = 0; second, because uj and all its derivatives decay at a rate 0{e^*) to the 
translation-invariant 2-form ujq on M x x M, we can assume that ti and all its 
derivatives decay at a rate 0{e^*) to a translation invariant 1-form on Tn x {p} x M. 
We can make similar assumptions regarding T2 based on the properties of Imil. 
From this, we calculate the following for 77 G L^j^^ ^{T*L): 

F(,7) = ((eor;)*(~c^),(eor7)*(ImO)) 
= ((eo,7)*(-dri),(eo,7)*(dr2)) 
= (d(eo,7)*(-ri)),d((eo,7)*(r2))). 
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The result now follows by Proposition [13] □ 
Proposition 4.3. Let C denote the image of the operator (d + *d*)2_|_; ^. Then 

Proof. By Theorem|3ll coker((d + *d*)f+; ^ (ker((d* + d*)|+„ _^))* with i + 
i = 1 and m > 1, so F{r]) G C if and only if 

{F{v), (Xi,X2))l2 = for aU (xi,X2) e ker((d* + d*)^+„__^). 

By the previous lemma F{r]) = (dri,dT2) for some ti G L^^i^{T*L) and T2 G 
L\j^i ^{^^T* L); then Theorem 13.91 imphes xi and X2 are coclosed 2- and 3-forms 
respectively which yields the following: 

{F{ri), (xi,X2))l2 = (dri,xi)L2 + (dr2,X2)L2 

= (n,d*Xl)L2 + (T2,d*X2)L2 = 0. 

□ 

The next step is to use the Implicit Mapping Theorem for Banach Spaces. 
Let A = ker((d + *d*)2_|_;^) and B denote the subspace of L^_^_i^{T*L) that is 
L^-orthogonal to A. Because A is finite-dimensional and the L^-inner product 
is continuous on L^^^ ^{T* L), A and B arc Banach spaces such that A® B = 
-^2+1 jiF* L) . Choose open neighborhoods V of in A, B, respectively, such 
thatU X V C Lf^,^(Be'(r*L)). Then, by Proposition WTH and Proposition 
F : U X V ^ C is a smooth map of Banach manifolds, -F(0, 0) = (0, 0) and 
di^(0,0) = (d + *d*)P^, ,^ : A®B ^ C; moreover, (d + *d*)f^, ,^|b : S ^ C is 
an isomorphism of vector spaces by construction, and it is a homeomorphism of 
topological spaces by the Open Mapping Theorem. The Implicit Mapping Theo- 
rem for Banach Spaces now guarantees the existence of a connected open neigh- 
borhood W C U of and a smooth function G : W ^ V such that G{Q) = 
and F{x) — (x, G{x)) = (0,0) for all x £ W . Hence we conclude that near (0,0), 
i^~^(0,0) = {{x,G{x)) : X e U'}, so that i^~^(0, 0) is smooth, finite-dimensional 
and locally isomorphic to .4 = ker((d -|- *d*)2_|_; ^). 

The last part of the proof consists of defining a map from (0, 0) to the moduli 
space M2 of asymptotically cylindrical special Lagrangian deformations of L near 
L; however, one technical step involved in showing the map is well defined is to show 
that the sections 77 in (0, 0) are smooth. Theorem ll.ll will then follow from these 
results, Theorem l3.9l and the fact that F~^(0, 0) is smooth, finite-dimensional and 
locally isomorphic to ker((d + *d*)2^j ^). 

Lemma 4.4. If e ^-^(0,0), then t] G Lf+,„^(r*L) for all m > 1. 

Proof. We begin by noting that the functional form of F{ri) is given by H{x, r]\x, ^r]\x) 
where x d L and H is a smooth function. Fix m > 1, and let V denote the Levi- 
Civita connection of gL on L. We are going to apply the Laplacian = g^ViS/j 
to F which will allow us to split F up in such a way that we can use a regularity 
result (which we will prove in the course of this argument) to increase the regularity 
of 77. 
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Let denote the derivative in the x-direction; let and 5^ denote the deriva- 
tives in the y- and z-directions respectively, where y = rj and z — V77. Then 

AL{F{7j))^g'i\/,V,{H{x,y,z)) 
= g'l\7,[{\/^H){x,y, z) + {dyH){x,y, z) ■ V.t? + {d''H){x,y,z) ■ V.Vrj] 
= 9'lm\/]H)ix,y,z) + {\/^dyH){x,y,z) ■ V.t? + z) • V.V.t? 

+ {Vfd'H)ix, y, z) ■ V, Vry + {d^H)ix, y, z) ■ V,V, Vry 
+ (a^V|i7)(a:, y, z) ■ V.ry + y, z) ■ (V,?7 » Vj-ry) 

+ {dyd^H){x, y, z) ■ (V,?? ® VjVr]) + {d''V^H){x, y, z) ■ V.Vri 
+ {d'dyH){x, y, z) ■ {V.V-q ® V^ry) + {d'd''H){x, y, z) ■ {W.V-q ® V^- V77)] 
= {d'H){x, y, z) ■ AiVT? + {dyH){x, y, z) ■ Alv + g'i[{\7^V^ H){x, y, z) 
+ {\/^dyH){x, y, z) ■ V,r; + {V^d'-H){x, y, z) ■ V, Vry 
+ idyV^H)ix, y, z) ■ V,r, + {dydyH){x, y, z) ■ {V,r, (g> V^??) 
+ {dyd'H)(x, y, z) ■ (V,?7 ® WjWt]) + (a^VJi?)(a;, y, z) ■ V,Wt] 
+ id^dyH){x,y,z) ■ (ViV??® V^r/) + [d^'d'' H){x,y, z) ■ (ViV?? ® V??)]. 

Notice that splits F into two pieces: the only term {d^H){x,y, z) ■ AlVt] 
involving the third derivatives of 77, and everything else which depends only on rj 
up to its second derivatives, which we will denote from now on by ij, Vi], V^Ty). 
Now, for Tj fixed, let H^^ : Ll^^{T*L) L'p{K^T*L) © LP{K^T*L) denote the map 
defined by cr ^ H^{a) — [d^ H){x,'q\x,^'q\x) ■ AiV(T|j;, so that Hn is a third- 
order linear elliptic operator (i/^ is basically A^d with d the exterior derivative 
operator). Further, since the coefficients of i?^ only depend on 77 and Vry, they are 
ii+m locally, and so the maximum regularity we can get from -ff,;(cr) is L\_^^] this 
forces us to take s such that < s < m + 1. Of course, since the coefficients of 
are only -/jf+m locally (rather than smooth) we cannot use the elliptic regularity 
result. Theorem 13.51 so we need the following result: 

Lemma 4.5. Assumea £ if(T*L) and H^{a) e LP^{A^T* L) (B Lf^iA^T* L) . Then 
G ^3+771(^*^)7 O'^d there exists a constant C > such that 

IkLg^^ < C(||i/,(a)lLp_ H- llall^P^). 

Proof. We will use results from Morrey [13l Section 6.2] to prove this lemma. If 
the coefficients of H^j are C", then [13l Theorem 6.2.5] guarantees that a is locally 
L^+m- Further, [131 Theorem 6.2.6] provides a local interior estimate of the form 
above where C > depends on m,p, the domains involved, C""-bounds on the 
coefficients of H,f and a modulus of continuity for their rn-th derivatives. Notice 
that if we have Holder C°'", a G (0,1), bounds for the m-th derivatives, we get 
our modulus of continuity; we can further simplify the problem to finding 
bounds for 77 since this will give C"^'" bounds for Hr] giving us the desired bounds. 
Recall that we are assuming p > 3, so that with a = 1— p/3, the Sobolev Embedding 
Theorem embeds ^2+™ i'^to (71+™'". Since rj £ ^2+771,7 ^^'^ 7 < 0, we get the 
desired control on rj which yields the modulus of continuity and the result. □ 
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To finish the proof, let rj e F^^(0,0), so that -q e L^^j^ ,^^{T*L). From the above 
computation and the fact that F(ry) = 0, we have Hn{rj) = —E{x,ri,'S/ri,W'^ri), so 
that Hr,{v) e LP^^^{A^T*L) ® LP^^^{A^T* L). By the regularity result above, we 
now have that 77 G L^+m -fi"^*-^)- The result now follows simply from induction on 
m. □ 

Proposition 4.6. Let Ml denote the moduli spaee of nearby asymptotically cylin- 
drical special Lagrangian deformations of L with decay rate 7 and asymptotic to 
N X {p}x {R',00). Define S : F-i(0,0) ^ {3-submanifolds of X} by rj ^ e(r,,) 
where is the graph of rj in B^i(T*L). Then S is a homeomorphism of F^^ (0,0) 
with a neighborhood of L in Ml . 

Proof. Let 7/ e i^"^(0, 0), let L = S'(ry) cTl C X. By the Lemma lilil L is smooth; 
further, 

(0,0) - F{tj) = {{QoTjy i-u;), (9 o,y)*(Imr!)) = {-Lu\^,lmn\i), 

which proves L is a special Lagrangian 3-submanifold of X . 

We now appeal to Definition 12.71 to prove that L is asymptotically cylindrical 
with decay rate 7. Qorj : L ^ L is a. difFeomorphism, so let K' = {Qo r]){K'); then 
K' is a compact subset of L. Let ^ = Qor]o^: Nx {p} x {R' , 00) L\ K'\ then 
<i> is a diffeomorphism. Finally, notice rj G T*L ^ vl, so ^* o "I>*(r/) is a section of 
i^N X {p} X {R', 00), ^ defined by jS]); v is also a section of x {p} x (i?', 00), so 
we can define v = v + C °^*{'n) e ^^Af x {p} x {R', 00). With this data, L, K' , $,?), 
Diagram ^ commutes, that is, 4" o exp^ = $ on x {p} x (i?', 00). 

We need finally to show that L has the correct decay rate. First, | V'^uj — 0{e'^*) 
for all fc > on iV X {p} x {R', 00) since L is asymptotically cylindrical with decay 
rate /3 < 7. Next, by Lemma \4A\ rj G L\^^^{T*L) for aU / > 1; by the Sobolev 
Embedding Theorem [SJl \V^ri\ = 0{e"<P) (see Definition [S^) for all fc > on L, 
so o $*)(77)| = 0{e^^) for all fc > on x {p} x (R' , 00) since ^ and $ are 

asymptotically cyhndrical. Thus, \V''v\ = 0{e^*') on N x {p}{R', 00) for all fc > 
on N X {p} X {R',00), and so L is asymptotically cylindrical special Lagrangian 
with decay rate 7; hence, S : i^"^(0,0) M^ is well defined. 

Conversely, assume that L is close to L in Mj, and let K, <t, v be as in Definition 
12 .71 for L. Then there exists a unique smooth section 77 of the bundle B^i {T*L) with 
Q o rj : L ^ L a diffeomorphism since L and L are close; moreover, because 
oj\l = and Imni = 0, F{r]) = (0,0). 

Now here again, as in the above construction, we have -5 = w + ^* o $*(7y), 
and since \V''v\ = 0(e'''*) and \V^v\ = 0(e^*) for aU fc > 0, we have \V''r]\ = 
0(e^'') for all fc > on L. Unfortunately, this estimate is only good enough to 
show rj G Li^j^i ^,{B^i{T* L) for any 7' > 7; however, if F' denotes F with the 
new decay rate 7', we now have 77 G -F'^^(0,0). If we further take 7' > 7 with 
[7, 7']nl?(d+*d')o = 01 then all of the above arguments apply also to F', so that both 
F, F' are smooth, finite-dimensional and locally isomorphic to ker((d + *d*)2_|_; ^) 
and ker((d + *d*)2^; ^,) respectively. Recall that these kernels depend only on the 
connected components of 2?(d+*d*)o '^^ which the decay rates lie, so in fact these 
kernels are equal. Since ^-^(0, 0) C F'-i(0, 0), we have that ^"1(0, 0) = F'-i(0,0) 
near and, hence, ?? G ^-^(0,0) C Lf_^; ,^(B,'(T*L)). 
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It is left to consider the topology. Since we have identified submanifolds of X 
with sections of the cotangent bundle T* L oi L, we have an induced topology on 
Al2 coming from some Banach norm on the sections rj of T*L. Recall that F~^{0, 0) 
with the topology defined by the if+i 7 Banach norm is locally homeomorphic to 
the finite-dimensional vector space ker((d + *d*)2_|_; ^). This shows that all Banach 
norms on the sections 77 oiT*L will induce the same topology on M2, so that S is 
indeed a local homeomorphism. □ 
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